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1 Trigonometry

Reciprocal properties

. 1 1
sinx = cosT =
csC X sec T
sin x 1
tanx = tanx =
Ccos T cot x

Pythagorean identities

sin(2x)
cos(2x)

tan(2x)

Double Angle Formulas

Sum-Product Formulas

.2 2
sin“x+cos“z = 1
2 2
sec"x —tan“z = 1
2 2
cscx—cotx = 1
Periodicity and Reflection
. m o . _ .
sin (3 —x) =cosz sin(—z) = —sin(z)

cos (3 —x) =sinz cos(—x) = cos(x)

tan (3 —z) = cotx tan(—x) = — tan(x)

Complex notation

sin x

COS T

sina + sinb

sina — sinb

cosa + cosb

cosa — cosb

. <a+b) <a
2sin cos
2
(a+b> . <a
2 cos sin
2
2 cos atb cos a—b
2 2
a+b

Product-Sum Formulas

Sum-Difference Formulas

sin(fa+b) = sinacosb=cosasinb
cos(a £ b) cosacosb Fsinasinb
tan(a + b) tana £ tanb

1 Ftanatanbd

sinasinb

cosacosb
sina cos b

cosasinb

N = NI= N

cos(a — b) — cos(a+b
( +cos(a+b
+ sin(a — b)

T s 5
E g
o
I
o>

Sin

2sinx cosx

.2
Tr—Ssim I

2
cos
2cos’z — 1
1—2sin’z
2tanx
1—tan?2

a+b

(a+b)
(a+10)

2 Hyperbolic Trigonometry

Definition

sinh x
coshx

tanh x

2 .12
cosh” z — sinh” z

Pythagorean Identities

Relation with Elliptic Trigonometry

—isin(iz)
cos(iz)

—itan(ix)

= 1

sech’z + tanh®’z = 1

Double Angle Formulas

sinhz = 1(e"—e™")
coshz = 1L1(e"+e ™)
tanhz = < ¢
et +e*
Inverse Definition
arcsinh(z) = In(z+ v22+1)
arccosh(z) = In(z+4 v22-1)
1+2
arctanh(z) = % In <1 — z)
Reflection
sinh(—z) — sinh(x)
cosh(—x) cosh(z)
tanh(—z) = —tanh(z)
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sinh(2z)
cosh(2z)

tanh(2z)

2sinh x cosh z

cosh? z + sinh® z
2 tanh x

1+ tanh® z

—sin(a — b)

)]
)]

]
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3 Single and Multivariable Calculus

First Fundamental Theorem of Calculus Liebniz (Product) Rule
Suppose f continuous and real valued on [a, b], then
d df dg
Fay= [ foa = @) =)
Basic Integration by Parts
Second Fundamental Theorem of Calculus do — d
Suppose f continuous and real valued on [a,b] and let F fdg=fg— [ gdf
satisfy f(z) = 4€(z), then
b
Multivariable Chain Rule
dr = F(b) — F(a).
/a f(@)dz = F(b) - F(a) If f = f(x1(t), ..., 2n(t)) then
df _ Of dvy -, OFf dun
Chain Rule dt — Oy dt Oz, dt
If f = f(y(x)) then
df _ df dy Jacobian
dr ~ dydx
Oy1 9y1
oz Oxn
J(@1,...,2n) = :
Oyn Oyn.
oz OTn
Integration by Parts
Suppose Q2 is an open bounded subset of R™ with a piecewise smooth boundary 9Q. If u(z1,...,z») and v(x1,...,Zn)

are continuously differentiable on € U 0€2 then

ou vdx = / uvn; — ov dx.

u
Q 6331 a0 Q 83:1

Change of Variables (1D)

Suppose f is a continuous function of y on some domain S = [a,b] and T = [¢(a), ¢(b)] is the range [a,b] under the

differentiable mapping y = ¢(x). Then

| setenGeas = [ sean

Change of Variables (2D)

Suppose f is a continuous function of (z,y) on some domain S and T'= ¥(S) is an orientation-preserving diffeomor-

phism. Then
[ st sdy = [ siatuo) vt o |52 dude,
where o o
u u
la(:my) _ ‘ o oy
- v v ’
A(u,v) e &
is the Jacobian in 2D.
Implicit Function Theorem
Given Fi(u1,...,Un,&1,...,Zn) =0 for i = 1,...,n, then if the Jacobian satisfies
O(u1,...,un)
JF co )| = |2 #£ 0,
TP ooy un)] = |G
then ui,...,u, can be solved for in terms of x1,...,z, and the partial derivatives of u1,...

by differentiating implicitly.

Page 3

, Un can be determined



4 Series Expans

Taylor Series

ions and Transforms

_ df LA 2d’f L, nd"f
fla+ Az) = fz) + Az (2) + 542 dmz(x)+ + At () +
Common Series Expansions
T — 1 i
e :Z;Ex =1+z+ 32>+ x + 5zt +0(2%)
- i1 i
sin(z) :Z( 1) (20 4+1) o —x——;p + 120 5_50405” +0(z )
i=0
- i 1y
cos(z) =Z(—1)® 2 =1- 12" + La' — -L52° + O(2)
i=0 ’
. - 1 ;
sinh(z) :Z(2z+1) 2i+1 =z+ Jc +120x +504Ox +0(2”)
=0
cosh(x) 22(22) z? =1+ 22° + La' + 452° + O(2)
=0
1 S 2, .3, 4 5
= :1
T ;x +zx4+z"+z2"+2" +0(z)
_oo(_l)i_li _ . 1.2 1,3 _ 1,4 5
In(1+ z) —Z 2 =z —zr° + 327 — 32 +0(z)
i=1 b
o0 _17/ .
7 =3 Gl ey (et =1 de- bt e - et + 06

Arithmatic and Geometric Series

1—-r"
1—7r"

nfl)

I

> k=t Sort=
k=0

Fourier Series
For a periodic function with period L, we have

Z T
f(l’) = ao+ (an COS + bn sin T) s
nmx
an = Z[Lf(m)cosde,
I . T
b, = E[Lf(x)51n—L dx.

Fourier Transform and Inverse Transform

/ flx)e ™ da
= w)e*dw

Binomial Theorem

(+) (3)-

Complex Form of the Fourier Series

n

(@+y" =3

k=0

n

k

n

k

k
Ty

n—k

kl(n — k)"

> nmTx
f@ = 3 cnexp( )
1 L inTx
Cn = —L/_Lf(m)exp (f T )dm,
2 (an — iby), when n § 0,
= ap when n = 0,
%(a_n +ib_yn), whenn 0.
Laplace Transform
Hoe —st
F& =Ll = [ rwear
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5 Vector Calculus

Vector Identities Distributive property
Ax(BxC) = B(A-C)-C(A-B) V- (A+B) = V-A+V-B
A-BxC) = B:-(CxA)=C-(AxB) Vx(A+B) = VxA+VxB

Zero Identities
Product rules for a scalar field

Vx((Vy) = 0

V- (VxA) = 0 V(yg) = ¢Vi+4Ve
V- (pA) = A-Vy+9V-A
Vx (pA) = P(VxA)—AxVy

Laplacian of a scalar

V=V (V
v (V) Gradient of a square

Curl of a curl IVA?=1V(A - A)=Ax (VxA)+ (A V)A.

Vx(VxA)=V(V-A)-V’A

Product rule for a vector dot product

VA-B)=(A-V)B+(B-V)A+Ax (VxB)+Bx(VxA)

Product rule for a vector cross product
V- (AxB) = B-(VxA)—A-(VxB)
Vx(AxB) = AWV-B)-B(V-A)+(B-V)A-(A-V)B

Green’s theorem
Let C be a positively oriented, piecewise smooth, simple closed curve in the plane R?, and let D be the region
bounded by C. If L(z,y) and M(z,y) are functions defined on an open region containing D and have continuous

partial derivatives there, then
M L
y{Ld:c-l—Mdy:// (87_ i) dA.
c p \ Oz dy
Gauss’ divergence theorem
Suppose V is a subset of R" (for n = 3, V represents a volume in 3D space) which is compact and has a piecewise
smooth boundary 9V. If F is a continuously differentiable vector field on some neighborhood of V, then

/V-FdV: F - ndSs.
v v

Stokes’ curl theorem
Suppose S is an oriented, compact surface with boundary S in R3. Suppose F is a continuously differentiable vector
field on some simply connected neighborhood of S U 98, then

/(VXF)-dS: F-dl.
S oS

Integration by Parts
Suppose (2 is an open bounded subset of R"™ with a piecwise smooth boundary 9. If scalar field u and vector field
v are continuously differentiable on ©Q U 92 then

/Vu~vdV:/ uv~f1d5—/uV-vdV.
Q o0 Q
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6 Thermodynamics

Gas constant

R=28314472 J kg ' K~!

First Law of Thermodynamics

AU = 6Q — §W = 6Q — pdV.

Second Law of Thermodynamics

dQ = TdS.

Ideal Gas Law
pV =nRT

Heat capacity (const pressure)
_(0Q) _ (08
& = (ﬁ) =T (a:r)
P P
(@) +p (‘l‘/)
oT » oT »
Heat capacity at (const volume)
_ (0QY _ (05
o = (5),-7(7),

- (g%)v

Ratio of specific heats

Enthalpy
H=U+pV =uN+TS.
Helmholtz Free Energy
A=U-TS = uN —pV.

Gibbs Free Energy

G = U+pV-TS
= H-TS=puN.

Maxwell Relations

or _ (o
191% SN - ol VN
or _ (o
wv),n 9S ) r.n
(%) = (5)
dp SN a5 PN
(), = (55)
op V,N oS TN
Additional Relations
ory _ T ory _ 1
as ), T, oS » TG
98 _ 1 95 _p
W),y T )y T

Thermodynamic Efficiency (for a heat engine)

work

~ heat in’

Polytropic Gas Law (isentropic process)

2 = const.
p’Y

Isobaric Processes

dp=0, 06Q=Cpdl =~dU

Isothermal processes

dT =0, 6Q = —Vdp=pdV =W

Isochoric (incompressible) processes

AV =0, 6Q = Cvdl = dU

Adiabatic processes

8Q =0, CodT =Vdp, Cydl =—pdV
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7 Fluid Mechanics

Material derivative

DX oX
Dt~ o W VX

Continuity equation

9p _
a-i-v‘(pv) =0

Dp
Dt +p(V-v)

I
o

Euler Fluids (adiabatic)

Du; Ds
= —Vip, Z5
"Dt Vip Dt

Navier-Stokes equations (incompressible)

Steady incompressible Bernoulli equation

%u2 + w + gz = constant along streamline

Time-dependent irrotational Bernoulli equation
(potential flow)

0
a—f—ﬁ—%uQ—i—w—i—gz:O

Circulation

F:%v~d€

o Du; 2 0Ty
Z(pw;) + Vi (pusu;) = = —Vip + i+ vViu, + .
o (Pui) + Vilpuiug) = p—y P T opg Ty dz;

pressure grayity viscosity =

Energy conservation equation

body forces

912 1,2 Pl _ 0
8t(ré,pu + pe) +V {pU<2u +e+p = pg-u + a$j(ul7-”) + g

Mechanical energy equation

gravity heating

surface forces

9 (1 2 1,2 0 L Ous | Ouy\?
(1 V. .1 =_—u-V . = (wiTi;) — %
o o) 4 () = S g ) (G
pressure  gravity : :
surface forces viscous heating
Thermal energy equation
d dui | Ou;\?
el V- = —p(V - 1 ¢ J
pi P V(o) I e
i i heatin
expansion/compression g viscous heating
Nondimensional Constants
T — Too)d® , L
Ra = go(l' = Too)d” (Rayleigh) Re = vt (Reynolds)
VK v
Pr= % (Prandtl) Ri= lg]—}; (Richardson)
U U
Fr=—— F = — S
r N (Froude) Ro I (Rossby)
2 p2
Ta= 492 2R (Taylor) M=% (Mach)
14 Vs
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8 Clouds and

Constants for dry air (near 0°C)

pa = 28.96g mol™!

Re = 287J kg ' K1

Cpa = 1005J kg~ ' K~!

Coa = TI8J kg ' K!
k = Ra/cpa =0.286

Constants for water vapor (near 0°C)

po = 18.01g mol™!

R, = 461.5J kg~ ' K™*
Cpo = 1870J kg~ ' K~!

Cow = 1410J kg”' K7!

Li = 3340 x 10°J kg™ !
L, = 2260x10°J kg™!

Ratio of Specific Gas Constants

€ = Ra/Ry = 0.622

Potential Temperature

0—T (100kPa>
p

Clausius-Clapeyron Equation

des _ 82 _Sl _ Lves
dl ~ Vo —Vi = R,T?

Clausius-Clapeyron Equation (Bolton)
For T in degrees C and es in mbar,

es = 6.112exp |: 17.67 - T :| ,

T +243.5

Water Vapor Partial Pressure

R,
e=pyR,T = pU?T

Precipitation

Mixing Ratio

Specific Humidity

My o Pu — e
mq+my P+ po p—(1—e)e

q

Virtual Temperature

ﬂ:ﬂﬁﬁ@
14+w

Equivalent Temperature

Te:T“v‘&q

Cp
Equivalent Potential Temperature
" L
HS%T(@> eXp( vd )
D cpTrer
Pseudoadiabatic Temperature Lapse Rate

L’U S
ar la (1 + quT)
af _ T\ P
N )

Scale Height

P = Po exp (—%(z - Zo))

Energy Equation

d(%u2 +gz) +adp=—f-dl

Pressure Change for a Convective Vortex

_ _ N (cp AT + Ly Aq)
M’“P‘m( (yn— DRT
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9 Radiative Transfer

Planck Constant

h=6.626 x 1073*J sec

Boltzmann Constant

k=1.3806 x 10°2J K~ *

Monochromatic Intensity

dE

I = s 0andndidA

Monochromatic Flux Density

27 /2
Fy :/IA CosedQ:/ / 1,(0, ¢) cos 0 sin 0dOdd
Q 0 0

Monochromatic Flux Density (Isotropic)

F\ =7l

Absorptivity

-Il/ abs (V)

Alv) = —————~-—
( ) Iu,incident (V)

Emissivity

Emission

e(v) = —
Blackbody Emission

Transmissivity

7, = exp(—7(v))

Planck’s Blackbody Radiation Law

2h13 1
B,(T) = 2 ohv/kT _ |

2hc? 1
BA(T) = hc

T N5 ehe/RAT _q

Stefan-Boltzmann Law

F=oT!

Wien’s Displacement Law

T /Vmas = const TAmaz = const

Pressure Broadening

=S Gt —w)

m(v—10)?+ a?

a = ao(p/po)(To/T)"
Doppler Broadening

k, = exp

S _(v—wo 2
OéDﬁ ap
ap = vo(2KT/mc*)"/?

Optical Depth

s2
X :/ p(8)km (v, s)ds, T = xcos@

S1

Beer’s Law
d])\ X —I)\ds

General Radiative Transfer Equation

dIy
—~=1I\—-J
dr A A

Radiative Transfer Equation

dry
dr

Asymmetry Factor

1 1
9= 5/ P(p)pdp.

—1
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10 Atmospheric

Constants
g = 9.80616m/s”
Re = 287J kg ' K*
717 kg™t K1
1004J kg~ K1

&
Il

cp =
a = 6.371km
Q = 7292x10 %"
k = Ra/cp = 0.286
Coriolis Parameter
f=2Qsiné

Beta-plane Approximation

[ = fo+ By, fo = 2Qsin by, B

a

Hydrostatic Equation
dp = —pgdz

Dry Adiabatic Lapse Rate
or g
ry=—-=-<%
¢ 0z ¢
Brunt-Vaiisala Frequency

N? =

Dl
¥

Static Stability Parameter
o _ (R _OT\_ ToO _Tu-T
P pcp dp

©dp  pg
Hypsometric Equation
Rq [P+ T
ZT:(Zg—zl):—d/ —dp
9 Jp

s P

Thermal Wind (Pressure Coordinates)

vr =vg(p2) = vge(p1) = %k X Vp(T)In <%)
= %k X Vp (P2 — P1)

Conservation of PV (Barotropic Fluid)

Dn (Gt f -0
Dt h -

Phase and Group Velocity (1D)

v _
EYT ok

Vp =

_ 2Qcos b

Dynamics

Equations of Motion

dp  _

u - pV v

C(% = 7%%+29vsin¢729wcos¢

dv 10p .

—_ = ———= —20us

7 3y u sin ¢

dw 10p

= = ;& g+ 2Qucos ¢
GdT  Radp _ )
Tdt pdt T

p = pRT

Hydrostatic Equations of Motion

DDVth+fk><vh:—Vp<D
0  R4T

op p
(20 00) 402y

ox ayp op
oT oT oT J
E—l—u%—l—va—y—spw:g
p=pR4T

Quasi-Geostrophic Equations

D,v

#:—ﬁ)kxva—/@ykxvg
v, = 1k x VO (g —iv%)
77 fo 7 fo

Ouq n OV n 87w
ox oy op

LA W:E A N
ot dp p

Shallow Water Equations

du 0
—dtfvarg—ax(thht) = 0
dv 0
—dt+fu+g—ay(h+ht) = 0
dh Oou = Ov
E”(%*a@) =0

Energy (per unit area)

Internal

I:/ peyTdz

0
Potential P = pgzdz
0

TPE=1+P

K = = d
/0 2|v‘ ¢

Total potential

Kinetic
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11 Numerical Methods

Finite-Difference Formulas (Centered)

Difference Formula Error term
fiv1 — fima Lo e
"x; el vl _1p2¢(3)
I (zs) oh 6 f
—fire +8fix1 —8fi—1+ fi—2 1 pap(5)
12h 30
Ji+3 —9fit2 +45fit1 —45fi—1 +9fi—2 — fi—3 1 16 4(7)
60h “Tah
fit1 —2fi + fi—
I () didl mAJi Tl = ! —Lp2p@
—fitr2 +16fi41 —30fi +16fi—1 — fi—2 L pa 4(6)
12h2 90
2fi3 — 27fiyo +270fi41 —490f; +270f;—1 —27f; 2+ 2fi—3 1 1,6,/(8)
1802 “se0 Y
fiva —2fit1 +2fi—1 — fi—o 5
£ (i) 5 —ah*
—fit3 +8fiqo — 13fit1 +13fi—1 —8fi—2 + fi—3 7 14 p(7)
8h3 el
fito —Afit1 +6fi —4fi1+ fi—2
f<4) (ml) i+ + h41 i i —éth(G)
—firs +12fiy2 —39fiy1 +56f; —39f; 1+ 12f; 2 — fi_3 7 44, (8)
6h4 mh Y

Finite-Difference Formulas (Uncentered)

Difference Formula Error term Formula Error term
() % ,%hf(Q) fli}ﬁ %hf@)
—fiy2 + Z’fiJrl - 3f; %thB) 3fi — 4/&27:1 + fi—2 %hgf(3)
2fiy3 — 9fz‘+25‘f 18fi41 — 11f; ~1p35(4) 11f; —18f; 1 Z}:gfif2 —2fi—3 18 5(®)
—fit2 + 6f1-+;;— 3f; —2fi_1 %h,Bf(‘l) 2fi41 +3f; ;}Gfi,l + fito —leh'SfM)
—3fiqa +16f;43 — 36Zi+2 +48fi41 — 25f; Lpap() 25f; —48f;_1 + 36fi—;2 —16f;_3+3fi—4 L1nty(®
1 1
fits — 6fi42 + 18;i+1 —10f; —3f;_1 IO 3fit1 +10f; — lsffq +6fi—2 — fiys _ 1405
12h 0 12h 20
f”(li) fit2 — Q’J;prl + fi —hf(B) fi — 2j-i;21 + fi—2 hf(3)
—fit+3 + 4fi+32_ 5fiy1 +2f; %th(zl) 2f; —5fi—1 ‘:'L24fi72 — fi—3 %hgf(gl)
11fi44 — 56fi43 + 111::;+2 —104f;41 +35f; _5,34(5) 35f; —104f; 4 + 11411;1};22 —56fi—3+11fi_4 3p350%)
—fins +4fiyo +6fi41 — 20f; +11f; 3 13 4(5) 11fi41 —20f; +6f51 +4fi—2 — fi—3 13405
1202 12 122 12
f<3)(wi) fits — 3fi+’23+ 3fiv1 — fi 7%}#(4) fi —3fi_1 "’}L;fi—2 —fi—3 %hf(4)
Figs - 3‘“*’;; 355 — fia L g0 fit1 — 38Fi -%—}L‘o;fiﬂ —fi_2 Lns®)
—3fi a4+ 14fi43 —22::fi+2+18fi+1 —5f; 7025 5f; — 18fF;_1 +24f;}: —14f; 3 +3f;_4 1n25)
—fig3 +6fiqa —12F541 +10f; —3f3_1 1,2 (5) 3fi+1 — 10f; + 12f,:,1 —6fi—2+ fi—3 15,2 4(5)
213 2n3 4
f(4)(ri) fi+4f4fi+3+f:'1;i+2*4fi+1+fi Cong(® fi*‘lfz‘—l+sz‘}—j*4fi—3+fz‘—4 2h f(5)
figs — Afiyo + ({f:+1 —4f; + fi—1 By (5) fig1 —4f; + Gfi}:i —4fi_o+ fi_g hp(5)
3 )




